We investigate the optical properties of a two-level system (TLS) coupled to a linear series of N other TLS's with dipole-dipole coupling between the first neighbours. The first TLS is probed by weak field and we assume that it has a decay rate much stronger than the decay rates of the other TLS's. For N=1 and in the limit of a probe field much weaker than the dipole-dipole coupling, the optical response of the first TLS, i.e., its absorption and dispersion, are equivalent to those of a three-level atomic system in the configuration which allow one to observe electromagnetically induced transparency (EIT) phenomenon. Thus, here we are investigating a new kind of induced transparency where the dipole-dipole coupling plays the same role of the control field in EIT in three-level atoms. We describe this physical phenomenon, here named as Dipole-Dipole Induced Transparency (DDIT), and investigate how it scales with the number of coupled TLS's. In particular we have shown that the number of TLS's coupled to the main one is exactly equals to the number of transparency windows. The ideas presented here are very general and can be implemented in different physical systems such as array of superconducting qubits, array of quantum dots, spin chains, optical lattices, etc.
The understanding of the light-matter interaction has been the focus of intense research during the last decades, mainly due to the advances in its manipulation allowed by the introduction of laser fields. Many of these efforts are justified in view of the possibility of using it for the implementation and control of quantum systems on a variety of topics including quantum computing [1, 2] , collective atomic phenomena [3] , trapped ions [4] , cavity and circuit QED [5, 6] , and other applications involving microscopic scales. Despite the difficulty related to the control and implementation of coupled quantum systems, which are essential for building scalable quantum networks [7] , significant advances have been achieved using some quantum devices in last years [5] [6] [7] . In this sense, electromagnetically induced transparency (EIT) [8, 9] has been shown to be a phenomenon very useful for manipulating light with light, allowing applications as optical transistor [10, 11] , quantum memories [12, 13] , to generate controllable phase shifts on single photon pulses [14] , ground state cooling of either single atoms [15, 16] or ion strings [17] among many others.
The first sistematic experimental study on EIT were carried out with three-level atoms in Λ configuration [8] . In this system, the absorption of a weak probe field, resonant with some atomic transition, can be cancelled out by coupling the excited atomic state to an additional ground state through another laser light, called control field. Due to this coupling, the system presents two different absorption pathways for the probe field, which can interfere whenever the Rabi frenquency of the control field is smaller or of the order of the total decay rate of the excited atomic state [9] . Also, some important properties such as the width of the transparency window can be directly adjusted via the Rabi frequency of this control field [9] . Since the appearance of the work by Boller el al. [8] , the fundamental idea of the EIT has been extended to other systems. Nowadays we one can observe the interference between different absorption pathways, resulting in adjustable trans- * halyneborges@df.ufscar.br parency windows, in a large variety of different physical systems as coupled classical [18] or quantum harmonic oscillators [19] , two-coupled optical cavity modes [20, 21] , two-level atom coupled to a cavity mode [22, 23] , quantum dot molecule [24] [25] [26] , plasmonic systems [27, 28] , optomechanical oscilators [29, 30] , metamaterials [31, 32] , etc. By applying more control fields, coupling the excited state to additional ground states, more transparency windows can be obtained, thus appearing double-EIT phenomenon, for instance, in a four-level tripod atomic system [33] . Double-transparency windows can also be observed in multiple coupled photonic crystal cavities [34] or in optomechanical system [35] . These ideas can also be extended to multiple transparency windows which can be achieved either in (N + 1)-level atomic system [36] or in N periodically coupled whispering gallery-mode resonators [37] .
In this work we investigate the optical response of a TLS coupled to a series of others TLS's which interact with its first neighbours via dipole-dipole. Our results show that the dipole-dipole coupling plays exactly the same role as the control field in the EIT phenomenon, either in free space [9, 21] or in cavity/circuit QED experiments [11] . We also investigate the scalability of this system, i.e., how it is possible to control the number of transparency windows.
DDIT IN FREE SPACE
Here we analyse the optical response of a two-level system (TLS) driven by a probe field, which in turn is coupled to N others TLS's with dipole-dipole coupling between the first neighbours, as schematically shown in Fig. 1(a) . We assume a weak probe field, oscillation frequency ω p , driving only the main TLS, such that the Hamiltonian which describes the dynamics of this system is given by ( = 1) Here
are the operators (Pauli's matrix) of the i-th TLS, being |e and |g the excited and ground states, respectively, whose transition frequency is ω 0 . d i is the dipole-dipole coupling, and 2Ω p is the Rabi frequency of the probe field. The Hamiltonian above can be found/engineered in a large variety of different physical systems such as optical lattices [38, 39] , in an array of coupled optical cavities with single trapped atoms inside [40] , coupled superconducting qubits [41] , in trapped ion domain [42] , or in array of quantum-dots [43, 44] . Writing the Eq.(1) in the rotating frame of the driving field we end up with the time-independent Hamiltonian
where
Considering the environment at T = 0K and the limit of weak system-reservoir and weak dipole-dipole (|d i | ≪ ω 0 ) couplings, the dissipation mechanisms of the whole system can be taken into account via the master equation in the Lindblad form [48] 
being γ i the decay rate of the i-th TLS. By imposing dρ/dt = 0 we can obtain the steady state and then investigate the optical response of the main TLS such as absorption and dispersion, here defined as Im σ 0 + ss and Re σ 0 + ss , respectively. The stationary solution for this system can be derived analytically for arbitrary number of TLS's and arbitrary set of parameters. For some special cases, we can obtain simple expressions for σ 0 + ss , which allow us to identify important new physical phenomena. For instance, considering only the main TLS coupled to a single other (N = 1), in the weak probe field limit |Ω p | ≪ |d 0 |, and the main qubit having a stronger decay rate than the other one, i.e., γ 0 ≫ γ 1 , which allow us to approximate σ 0 − σ 0 + ≈ 1, we obtain the following stationary solution
.
(4) From this expression we can straight derive the dispersion and absorption, its real and imaginary parts, respectively, and then we can analyse the optical properties of this system.
Our system composed by two coupled TLS's must be compared to the system constituted by two quantum dots with dipole-dipole coupling employed to perform an optical switching [45] . However, different from our system, in [45] the transparency is not induced by the dipole-dipole interaction and the authors assume two fields (probe and a control) acting simultaneosly on both quantum dots (TLS's) and the same decay rates for them. In this way, they are able to show an efficient optical switching only when the Rabi frequency of the control field is much stronger than the decay rate the quantum dots. In fact, in this regime one has an Autler-Townes splitting instead of a real interference between different excitation pathways, which is the fundamental process behind EIT.
Comparing the absorption and dispersion of our system (Real σ 0 + ss and Im σ 0 + ss ) with those of a threelevel atomic system in the electromagnetically induced transparency regime [9, 21] , we immediately recognize a new kind of induced transparency in which the dipole-dipole coupling d 0 plays the same role as the Rabi frequency of the control field. We can also see that the decay rate of the first (second) TLS plays the same role as the total decay rate of the excited state Γ (dephasing rate -γ ph ) in three-level systems in EIT regime, which make clear the requirement for different decay rates for the two TLS's employed in our model. Thus, here we have a physical phenomenon which we named as dipoledipole induced transparency (DDIT). In Fig. 2(a) we plot the imaginary (absorption) and real (dispersion) parts of σ 0 + ss for a set of parameters (see figure caption) which allows the observation of DDIT. Keeping |d 0 | ≫ |Ω p | and |d 0 | < γ 0 we can note that the transparency window directly depends on the dipole-dipole coupling d 0 , as expected. In another related work [46] , the authors claim that it is possible to observe a similar effect, i.e., a dipole induced transparency, in highdensity atomic medium which contains two species of atoms (different dipoles). However, as they assume the same decay rate for both dipoles, they can not observe a transparency window extremely narrow as usually allowed in EIT experiments [47] .
DDIT IN CAVITY/CIRCUIT QED
Considering a three-level atom, in the EIT configuration, coupled to a cavity mode, one can observe cavity-EIT [11] . According to the discussion above, the same effect should be observed by replacing the three-level atom by two coupled TLS's. This is in fact the case, as we will explain below. To this end, firstly let us describe a more general system, i.e., to consider the interaction of a quantum cavity mode with a series of 1 + N other two-level systems, as schematically represented in Fig. 1(b) . We assume a series of 1 + N identical TLS's, with dipole-dipole coupling d and individual decay rates γ i . The first TLS is then resonantly coupled to the cavity mode, coupling g, which is driven by a probe field of strength ǫ and frequency ω p . The Hamiltonian of this system in the rotating frame of the probe field reads (for = 1)
with ∆ p = ω 0 − ω p = ω cav − ω p , being ω cav the cavity mode frequency. In this case, the dissipation of the cavity mode can be taken into account by adding the term κ(2aρa † − a † aρ − ρa † a) into the master equation of the system, being κ the decay rate of the cavity field's amplitude. This new master equation can be analytically solved for some particular set of parameters. Considering two TLS's and |ǫ/κ| ≪ 1, which implies a very small average number of photons inside the cavity mode (whose maximum is given by |ǫ/κ| 2 ) we can derive the steady state solution for the average value of the annihilation operator of the cavity mode (see Supplementary material for the details of its derivation) which reads
. This equation must be compared to the equation for the average value of the annihilation operator for a cavity mode coupled to a three-level atom in the EIT configuration (cavity-EIT) [21] . Again, the dipole-dipole coupling plays exactly the same role as the control field in the cavity-EIT experiments. The width of the EIT resonance (central peak) is proportional to |d/g| 2 (see Supplementary material) and then it can be adjusted either via atom-cavity mode or dipole-dipole couplings. In Fig.  2 (b) we plot the normalized absorption and dispersion of the cavity mode when coupled to two-coupled TLS's, here defined as Im a ss and Re a ss , respectively.
SCALABILITY OF THE SYSTEM: MULTIPLE DDIT
The results above can be properly extended to multiple transparency windows by adding more TLS's, as schematically shown in Fig. 1 . Thus, from now we will continue to investigate what happens to the optical properties of the system when coupled to a series of other qubits. We assume that the coupling between the first TLS (i = 0) and the second one is still given by d 0 and, for simplicity, the coupling between the other TLS's is d, i.e,
We also assume the same decay rate for the other TLS's
To understand what happens to the system when we couple more TLS's, it is instructive to analyse the eigenenergies of the bare Hamiltonian (without the probe field). When the coupling between the main and the first TLS is of the order or weaker than its decay rate, i.e., when d 0 γ 0 , the system can present interference between the different excitation paths, this regime is represented by the gray area showed 3(a) and (c). Otherwise, for d 0 ≫ γ 0 the separation of the energy levels can be large enough to produce Autler-Townes splitting. On the left panels of Fig. 3 we plot the first eigenenergies (ground and eigenstates with one excitation) of the system as a function of d/γ 0 , keeping Ω p = 0 and d 0 /γ 0 = 0.5γ 0 (see expressions for the eigenstates/eigenenergies in the Supplementary Material for the case N = 2). From this figure we can see, for the first region of parameters (d < γ 0 ) all the energy levels are within the linewidth of the excited state of the first TLS (γ 0 ); otherwise in the intermediate region (d ∼ γ 0 ) some levels can be inside and others outside the linewidth of the excited state, thus presenting close eigenstates with possibly different decay rates. Finally, for very strong couplings (d 0 and d much stronger than γ 0 ) is observed a complete level splitting. Thus, depending on the set of parameters, the system display total interference between the excitation paths (EIT [9] ), close different resonant states with asymmetric line-shape (Fano interference [49] ), or a complete separation of the levels (AutlerTownes splitting [9] ).
The decay rates of the excited eigenstates |ψ k of the whole system to its ground state |ψ g can be calculated via the Fermi's golden rule [50] 
where we have neglected the dissipation channels related to the other TLS 's we are assuming γ 0 ≫ γ. For a few TLS's we can analytically derive the eigenstates and then the analytical expressions for the decay rates (See Supplementary Material). In the Figs.3(b) (N = 2) and 3(d) (N = 4) are plotted the transitions rates between the excited and ground states of the whole system as a function of the coupling d, for a given coupling d 0 . As can be seen these decay rates are always different, except for a specific value of d, where all the transition rates coincide
. Such feature will have a direct effect on the optical properties of the system as it will discussed bellow.
In Fig. 4 we plot the absorption and dispersion of the first TLS coupled to N = 2, panels (a) and (b), or N = 4, panels (c) and (d), other TLS's. In the DDIT regime, the outer peaks are related to the coupling between the main and the second TLS (whose positions depend on d 0 ), while the inner peaks are related to the new resonant states introduced by the other coupled TLS's (whose position and width depend on d). In this way, the number of transparency windows is exactly equals to the number of TLS's (N ) coupled to the main one. For d 0 < γ 0 , Figs. 4(a) and (c), we have multiple transparency windows (multi-DDIT), while for d 0 and d much stronger than γ 0 (Fig. 4(b) we have a Autler-Townes splitting. For d 0 < γ 0 and d > γ 0 we have asymmetric excitation paths, resulting in resonant states with asymmetric line-shapes. This happens since by increasing the coupling d the inner peaks become broader and then, depending on the coupling d 0 , they can approach the other peaks, producing interference in the absorption paths, i.e., Fano interferences [49] . The depth of the transparency windows is strongly dependent on the decay rate γ (which works out as the dephasing rate in EIT experiments). In Fig. 4 all the depths of the transparency windows are close to the maximum value since we have assumed very small γ (i.e, γ = 0.001γ 0 ). On the other hand, the width of the transparency windows dependent on the transition rates between the excited and ground states of the whole system. As seen in Fig. 3 main one, the point where all the decay rates cross occurs al-
(We were able to derive the decay rates and the crossing points for up to N = 4 TLS's coupled to the main one, as can be seen in the Supplementary Material). So, by choosing the specific parameters for that crossing point we will have a perfectly symmetrical absorption profile.
The multi-DDIT or multi-Fano interference also appear when we couple the series of 1 + N TLS's to a cavity mode (as schematically shown in Fig.1(b) . As discussed above, the number of transparency windows is equal to the number of TLS coupled to the main one. Thus, considering N TLS's coupled to the main one (each coupling given by d), which in turn is coupled to the cavity mode (coupling g), we will have N transparency windows, as we see in Fig. 5(a) (N = 2) and 5(c) (N = 4), which present 2 and 4 inner peaks, respectively. The position of the resonance peaks is determined by all the couplings. However, the outer peaks are mainly due to the atom-field coupling g and the inner peaks (and its widths) are mainly influenced by the dipole-dipole couplings d. system introduces a new resonant eigenstate (with one excitation). So, here we have a tunable system which allows us to arbitrarily choose the number of transparency windows, and their width, by simply adjusting the number of TLS's and the dipole-dipole coupling in our model .
CONCLUSIONS
In summary, here we have investigated how dipole-dipole can induce transparency on a TLS or on a cavity mode. The dipole-dipole coupling works out as the control field in EIT or cavity-EIT experiments, while the decay rate of the first (second) TLS is the equivalent to the total decay rate of the excited state (dephasing rate of the ground state which is coupled to the excited one via control field) in EIT experiments with three-level atoms. Thus, we can identify a complete correspondence between the DDIT and the usual EIT in threelevel atoms in Λ configuration. We also could show the scalability of our system: by coupling more TLS's our system presents more transparency windows, being their number exactly equals to the number of TLS's coupled to the main one. The separation between the transparency windows and their widths depend on the dipole-dipole couplings and on the decay rate of the first excited states of the system turning it easily adjustable. We hope this new kind of induced transparency could be useful for manipulation of the optical properties of TLS in general, the study of slow light, transport properties in spin chains, and also frequency filter for light fields. Also, by detecting the optical response of a driven TLS/cavity mode we can estimate properties of dipole-dipole interaction.
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METHODS
Obtaining the optical response In order to obtain analytically the optical response of a TLS coupled to linear a series of others N TLS's, we derive a set of differential coupled equations whereby in the steady regime (ρ = 0), provide us σ 0 + ss . To this end we assuming the Rabi frequency of the probe field much weaker than dipole coupling between the main TLS and its the first neighbour, i.e, Ω p ≪ d 0 and its decay rate much stronger than the decay rate of the others one (γ 0 ≫ γ i ). With these assumptions we are able to use the semiclassical approximation, where the correlations between the atomic operator can be neglected, allowing us to solve the following set of equations:
In the steady regime we end up with a system linear equations, whose solution was obtained using the function Solve of Mathematica software. Thus, for an arbitrary number of TLS's coupled to the main one we can derive analytically the expression of the σ 0 + , allowing us extract all the information respect to optical response of the system. We also investigate here the optical properties of this scalable system when it has its main TLS coupled to a cavity mode. Analogously to the free space case, we obtain a set of linear coupled equations where we impose that the atomic and cavity field are not correlated. Thus, assuming the weak pumping field limit (whose strength is represented by ǫ), i.e., ǫ ≪ κ (being κ the decay rate of the cavity field) we can derive the steady state solution for the mean value of a ss from the following system:
We also used the Mathematica software to obtain the analytical expression of absorption and dispersion of the this system from the Im a ss and Re a ss , respectively.
Data availability
The plots and results were developed using the analytical expressions that we derived. Any data that support the results showed within this manuscript are available from the corresponding author upon request. In this first part we derive some expressions which appear or were used in the main text regarding 1 + N coupled TLS (with dipole-dipole interaction) in free space.
A. Derivation of the optical response for N TLS coupled to the main one Here, we describe the derivation of the stationary solution of the optical response of the main TLS, i.e., the average value σ 0 + ss = T r(ρ ss σ 0 + ). We obtain the analytical solution in the steady state of an arbitrary number of TLS coupled to the main one. We assume weak probe field limit, i.e., |Ω p | << |d 0 |, and decay rate of the main TLS stronger than that of the other, i.e., (γ 0 >> γ 1 ).
Such assumptions allow us to employ the the semiclassical approximation [1] . From this approximation, we find the equations of motion for the expectation values of the system operators where the correlations between atomic operators are neglected, i.e,
In low atomic excitation limit we assume, σ i z ≈ −1. Based on these assumptions we can derive the a general (arbitrary N ) system of equations for the expectation values of the TLS operators
In all cases described below, we found the stationary solution for the system of equations using the software Mathematica [2].
2 coupled TLS (N = 1) in Free Space
We obtain the set of coupled equation motion for this case by setting N = 1:
The steady state analytical solution for this case is given by in Eq.(4) in the main document.
3 coupled TLS (N = 2) in Free Space
The set of coupled motion equations for this case reads:
The stationary solution is:
4 coupled TLS (N = 3) in Free Space
For N = 3 we similarly obtain the following system of equations:
5 coupled TLS (N = 4) in Free Space
Analogously, for N = 4 we obtain the set of equations below:
The solution in the steady state for this case is given by:
We were able to derive the steady state analytical solutions for other number of coupled TLS (up to N = 20, depending on the computational capabilities). However, as the expression are very large, we do not present them here. Just to illustrate, in Fig.  6 we present the absorption spectrum for N = 7, 10, 12 and 15. Note that the number of transparency windows is exactly equals to N . Also, note that the depth of the transparency windows are different in this figure. This is due to the the non-null decay rate γ used here. By increasing the number of TLS coupled to the main one, we increase the number of transparency windows. However, the higher the number of transparency windows, the more sensitive the system is to the noisy effects. B. Eigenstates, eigenenergies and transition rates between the first excited states to the ground state for 1 + N TLS
The main goal of the present section is to present the analytical solutions for the transition rates between the eigenstates of the system (from the first excited one to the ground state). To this end, firstly we must derive the eigenstates of our system, once the transition rate is defined as
being |ψ g and |ψ k (k = 1, 2, ...) the ground and excited eigenstates, respectively. We have obtained analytically the expressions for the eigenstates and transition rates for N = 2, 3 and 4 only. As the expressions for the eigenstates/eigenenergies are too extent, below we present them only for the N = 2 case.
For N = 2, the eigenvalues and its respective eigenvectors are
With those eigenstates we can derive the transition rates between the first excited states (with one excitation) and the ground state, which reads
, From these expressions we find that these transition rates have a crossing point at d = d0 √ 2 . For N = 3, the transition rates are given by:
, and the crossing point of the transition rates is exactly the same, d = d0 √ 2 . For N = 4, the expressions of transitions rates follow below,
. For this configuration we have found two crossing points:
, in which all the rates cross and d = 
II. DDIT IN CIRCUIT QED: ANALYTICAL SOLUTIONS
Here we consider 1 + N coupled TLS with the first one interacting with a cavity mode, for instance in the Circuit QED framework.
A. Derivation of the optical response for 1 + N TLS coupled to a cavity mode Employing the semiclassical approximation [1] that allows to factorize the correlator aσ i − ≈ σ i − a , we obtain the analytical solution for the average value of the annihilation operator of the cavity mode for 1 + N coupled TLS case. This semiclassical approach is a good approximation whenever the driving field is very weak compared to the dissipation rate of the cavity mode and the atom-field coupling is also not so strong (again, when compared to the cavity field decay rate κ).
The master equation for 1 + N TLS coupled to a cavity mode, described in the main document, is given bẏ
with H c given by Eq. (5) of the main document. In order to get obtain analytically the expected value of the annihilation operator in the steady state a ss , we assume σ i z ≈ −1, which is a good approximation whenever the average number of photons inside the cavity is sufficiently small, which can be achieved by driving the cavity mode with a weak probe field.
The derivation of the steady state solution for a for arbitrary 1 + N TLS's coupled to a cavity mode follows the recurrence relations for the equations of motion for the average value of the atomic/cavity mode operators: From now we will provide in the next subsections the stationary solution of a ss considering different numbers of TLS coupled to the cavity mode. The expected value of the a in the steady state (ρ = 0) calculate through the above equations is:
As mentioned in the main document, this result is very similar to the one obtained in [3] .
3 TLS (N = 2) coupled to a cavity mode
Now we present the derivation of the steady state solution for the average value of the annihilation operator (a) when considering 3 TLS coupled to the cavity mode. Similarly to the above procedure, we obtain the time derivative of the expected values Again, we were able to derive the steady state analytical solutions for other N 's (in this case, up to 15), but the expression are very large to be presented here. Just to illustrate, in Fig. 7 we present the absorption spectrum for N = 7, 10, 12 and 15. Note that the number of transparency windows is exactly equals to N . B. Transition rates between the first excited states to the ground state for 1 + N TLS coupled to a cavity mode
Im
Analogously on free space, we could derive the transition rates for some cases when 1 + N TLS are coupled to mode cavity. It can be calculated through the following expression:
being |ψ g and |ψ k (k = 1, 2, ...) the ground and excited eigenstates, respectively. For N = 2, the rates are given by Similarly on it happens in the free space there is a crossing point associated to a specific value of d where all the transition rates cross. For this case the crossing point is d = g/ √ 2. For N = 3, the rates are given by:
being C = 5d 4 − 2d 2 g 2 + g 4 . For this case all the rates cross again at d = g/ √ 2, while some rates cross at d = 2/5g.
